In this paper, the tested ratios between the number of surface points at which the surface elevation can be reconstructed and number of receiver positions are 2.5, 5 and 7.5. It is shown that, in a region comparable with the projected size of the main directivity lobe, the method is able to reconstruct the spatial spectrum density of the actual surface elevation with the accuracy of 20%.
tion is proposed and tested with a static rigid rough surface. This method is based on the acoustic holography principle and Kirchhoff approximation which make use of acoustic pressure data collected at multiple receiver points spread along an arch. The Tikhonov regularisation and generalised cross validation (GCV) technique are used to solve the underdetermined system of equations for the acoustic pressures. The experimental data are collected above a roughness created with a 3D printer. For the given surface it is shown that the proposed method works well with the various number of receiver positions. In this paper, the tested ratios between the number of surface points at which the surface elevation can be reconstructed and number of receiver positions are 2.5, 5 and 7.5. It is shown that, in a region comparable with the projected size of the main directivity lobe, the method is able to reconstruct the spatial spectrum density of the actual surface elevation with the accuracy of 20%.
I. INTRODUCTION
It is highly attractive to be able to measure the hydraulic characteristics of an open channel flow from air. These types of flow are typical to rivers and partially filled pipes and it is of high importance to measure their hydraulic characteristics accurately and without submerging any instruments in them. One characteristic feature of these flows is rough water free surface. Evidence suggest that the surface roughness pattern of an open channel flow relates closely to their hydraulic charac-teristics, e.g. Reynolds number and mean flow depth [1] [2] [3] . Therefore, measuring the parameters of this pattern, e.g. its spatial spectrum or correlation function, enables us to characterise the flow hydraulics and infer information about other processes which may develop in the flow for these set of the hydraulic conditions. As a first step towards the development of a technique that enables recovering these parameters, water surface can be considered frozen over a short period of time 4 . This can be justified by the fact that speed of sound in air c 0 = 340 m/s is much faster than the maximum phase velocity U = U 0 + c p (composed of flow velocity U 0 and the phase velocity of gravity waves c p ) at which surface rough patterns of shallow water flow propagate.
Range of inversion techniques has been proposed to reconstruct rough surface profile. In case when wavelength λ is much bigger than the surface roughness height ζ (ζ/λ ≪ 1) small perturbation method and Fourier transform can be used to directly reconstruct the surface profiles 5 . For the surfaces satisfying Kirchhoff criteria 6 and for both source and receiver positioned in the Fraunhofer zone with respect to the illuminated surface, variety of optical techniques have been developed to reconstruct surface profiles 7 .
Airborne sound waves suit well for the inversion of the surface roughness of an open channel flow. Unlike in the case of electro-magnetic waves, the air-water interface characterised by rough surface is an acoustically rigid boundary so that an exact mathematical formulation for airborne sound pressure can be applied. In this paper it is proposed to use acoustic imaging techniques 8 which we develop further to recover the one-dimensional elevation of a static rough surface.
The acoustic imaging have been widely used to reconstruct the distribution of the acoustic sources on a known surface 9 . The original technique is built on the principles of the Near-field Acoustic Holography (NAH) 10 that requires single measurement due to the use of microphone array. Kirchhoff integral and convolution are at the 3 foundation of the NAH that makes method not restricted to the approximation of radiated/scattered acoustic pattern in the Fraunhofer zone. This measurement method offers a high spatial resolution where the characteristic spatial separation on the surface can be smaller than the acoustic wavelength. However the spatial resolution on the surface is restricted by the separation between the receivers 10 .
An alternative holography method is to discretise Kirchhoff integral and to convert the boundary integral equations for the array of receivers into a matrix-based form 11 .
In this direct method the number of receivers in the array can be much smaller than the number of points required to reconstruct distribution of sources on the surface. This leads to ill-conditioned matrix with multiple inverse solutions. The matrix inverse is based on the singular value decomposition method (SVD) and variety of regularisation methods such as truncated SVD and Tikhonov regularisation technique in conjunction with the methods optimising the choice of regularisation parameter 9, 12, 13 . In this paper the direct method based on the Kirchhoff integral discretisation is employed to reconstruct the elevation profile of a static, rigid rough surface.
With the idea in mind that the potential application of this method is to reconstruct the dynamically rough water surface, it is proposed to choose the surface elevation profile to be defined by a linear wave model that is based on the Fourier expansions with random phase and surface spectrum in form of the power function.
This type of model has been used to study scattering of airborne electromagnetic waves by the ocean waves 15 . The representation of the surface spectrum as a power function of the wavenumber has wide applications in oceanography 16 , and in water wave turbulence 17 and turbulence-generated surface roughness 18 .
The paper is organised in the following manner. In Section II the geometrical parameters of surface profile are introduced. In this section, the parameters have been used in the linear wave model to generate surface which is manufactured with the help of 3D printing technology. The section also introduces measurement technique.
The acoustic source used in the measurements has been characterised by the directivity pattern modelled with the far-field approximation of the radiated sound by piston in a rigid baffle 14 . The diameter of the piston and frequency of the radiated sound results in narrow source directivity pattern that makes possible to neglect direct acoustic wave-field 
II. ACOUSTIC MEASUREMENTS: GEOMETRY AND EXPERIMENTAL METHOD
A. Geometry of surface profile
In this work, the two-dimensional rough surface profile in Oxz Cartesian system of coordinates is generated through
where σ is the standard deviation of the rough surface, K n = 2π/l n is wavenumber in the surface roughness spatial spectrum, τ n is randomly generated phase. The amplitude A n in the above equation is proportional to the wavelength l n of the n-th harmonic in the Fourier expansion 15 so that
and defined by the power spectrum slope α. Here it is chosen to use the spectrum with α = −2 as a compromise between the resolution of the 3D printing technology and the requirements of the Kirchhoff approximation given by
where h is a local curvature radius, k is the acoustic wavenumber and ψ is angle of an incident acoustic wave. The resulting spectrum is representative of a surface without strong harmonic components, which is typical of turbulent flows with small (1) surface of shallow turbulent flows 20 . The surface that was generated with equation
(1) and used throughout this paper contains five terms (n = 1..5) in the expansion defined by the parameters in Table I Figure 1(a) shows the elevation profile of this surface which is described by equation (1) with parameters defined in Table I . This surface profile was exported into commercial CAD software Solidworks 2014 where the drawing was converted into the format suitable for 3D printing technology. The results were loaded to the 3D printer Makerbot Replicator 2 which uses fused deposition modelling to print 3D objects. The printing material was Polylactic Acid with density 1250 kg/m 3 . For the selected 3D printing technique the printing accuracy is related to the minimum thickness of horizontal layers which is 0.0002 m. This is comparable with the standard deviation of the generated surface. In order to minimize printing error and to produce a smoother surface finish the printing process was carried out in vertical direction with surface built on the smallest side (thickness). Four separate tiles were produced and glued together to form a 0.46×0.3 m rough surface patch as shown in The ultrasonic transducer was driven at the frequency of f = 43 kHz with a 10 V peak to peak sinusoidal signal generated by a Tektronix AFG 3022C function generator. The far field directivity pattern of the source can be defined by the equation for an oscillating piston in a rigid baffle 14 , i.e.
where k = 2πf /c 0 is the acoustic wavenumber in air and
where the angle of incidence calculated in radians. In the above equation z s is the z-coordinate of the source and R s = (x − x s ) 2 + z 2 s is distance from the source to the point of observation at the mean surface z = 0
1 .
The validity of the selected far-field source directivity pattern was experimentally validated and the results are illustrated in Figure 3 It is noted that the directivity of the transducer and the length of the rough surface patch were chosen so that the main lobe in the directivity pattern fits the 
C. Experimental methodology
The recorded signal on microphone was first filtered with second order bandpass Butterworth filter defined in the 30 -50 kHz frequency range. The Hilbert transform was applied to the acquired data to determine the signal amplitude A and phase τ m at each of the 60 receiver positions. The transformed signal was then presented in the following analytic form
These signals were then normalised against the reference signal obtained directly from the functional generator so that the complex acoustic pressureP m scattered by the rough surface to the given receiver point m along the arch can be written as
whereÃ m is the normalised amplitude of the scattered acoustic signal at m-th receiver position. It is noted that normalised value is assumed to be independent on temporal variable that enables us to combine all the 60 microphone recordings to form a virtual array of receivers effectively yielding the directivity pattern recorded along the arch opposite to the sound source.
An example of the normalised amplitude and phase of the analytic signal recorded on the receiver at 15 o is shown in Figure 5 . These data are plotted as a function of time and indicate that the both amplitude and phase varies with time. It is noted that amplitude varies within 25% from its mean value whereas phase varies within 10% from its mean value. This variation is associated with the characteristics of the ultrasonic transducer used in this experiment. In order to reconstruct the rough surface in this paper we selected the 1 sec average amplitude and phase values recorded at each of the 60 receiver positions.
III. KIRCHHOFF APPROXIMATION AND PSEUDO-INVERSE TECHNIQUE
In order to recover the rough surface profile we used the Kirchhoff approximation 21 which takes into account single reflection from the plane tangential to the surface. . Assuming that surface is uniform along the lateral coordinate axis Oy and that the surface dimension along Oy axis is much larger than the acoustic wavelength 21 , the problem can be formulated in 2D space with the help of single integral written as
where A(x) is directivity pattern given by equation (4), ζ(x) is surface elevation that needs to be reconstructed. The wavenumber q z is given by
14
Here R s = (x − x s ) 2 + z 2 s and R r = (x − x r ) 2 + z 2 r are the distances from the source and receiver to the specular reflection point at the mean surface z = 0 1 , respectively. In this model the centre of Oxz plane is aligned with the centre of the semicircular arch as discussed in Section II B so that the coordinates of the source (x s , z s ) and receiver (x r , z r ) can be expressed in the form of polar coordinates with radial distance fixed at the radius R of the arch. This gives
(x r , z r ) = R(cos χ, sin χ).
In the presence of surface roughness scales comparable with the acoustic wavelength, the number of required surface points for adequate reconstruction M inevitably becomes greater than the number of the available receivers N. 
where P N ×1 is a vector containing recorded acoustic signal at the N receiver locations. The elements of the matrix H N ×M and vector E M ×1 are given by
15 respectively. We note that the elements of the vector E M ×1 are defined by the receiver aligned with the specular reflection point for the source being at ψ = 135 o ,
i.e. with χ = 45 o . We also assume that q z in equation (8) is approximately constant for all the receivers with the value given by the direction specular to that of the source, q s z (x m ) = 2kz s /R s . The resulting ill-conditioned matrix can be regularised with the help of Tikhonov regularization technique 13 and the surface elevation at point x m can be approximated with
where e m is defined by equation (13) . The application of the SVD 22 to equation (11) gives
where operator svd −1 defines inversion of the matrix H N ×M decomposed into the product of unitary matrices U N ×N and V M ×M and a diagonal matrix S N ×M with nonnegative elements arranged in the descending order of smallness that is
whereĀ stands for complex conjugate and A T denotes matrix transpose. Equation (15) is conditioned with the Tikhonov regularisation parameter β identified with the help of generalised cross validation (GCV) technique 13 . The application of the SVD in equation (15) is performed with a library function available in commercial software Matlab R2015a.
IV. SURFACE RECONSTRUCTION RESULTS
The results of the application of the proposed reconstruction technique (equation (14)) to the measured acoustic pressures P at N = 60, 30 and 20 positions is il- In many applications it is of importance to estimate the spatial spectrum of the roughness to understand the range of roughness scales and their relative amplitude 23 .
In order to estimate how accurate the reconstruction is, it was proposed to compare the normalised power spectrum of the two roughness profiles reconstructed with the proposed inversion technique over the spatial interval of length L = 0.2. The spatial power spectrum was calculated as
where K is the spatial wavenumber. Table I ). The mean relative error was then calculated as
where N K = 5 is total number of the power spectrum points in [ shown that the proposed inversion technique can result in the 'ghost' scales observed at the edges of the reconstructed area of roughness. This can be explained by the fact that a point at which the surface roughness is reconstructed had to be in the proximity of an acoustic source specular point. This specular reflection point is defined by the main axis of the source directivity pattern.
The inverse technique discussed in this paper has been able to recover the surface roughness within the ±0.1 m area illuminated by the adopted piezo-ceramic transducer. The reconstruction technique has been tested for 20, 30 and 60 synchronised receivers. The recovery of the spatial scales has been analysed with the power spectral density. In case of 60 receivers all scales present on the surface have been reconstructed with mean error of up to 18%. This error decreases with the reduction in the number of receivers to less than 10% for 20 receivers. The error decrease in the reconstructed power spectrum can be explained by the effect of 'ghost' scales.
Further improvements of the proposed technique may require the use of differ-ent source/receivers combinations, simultaneous use of multiple receivers and less directional sources of sound.
